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1 Introduction 

It is well-known that modern differential geometry express explicitly the dynamics of La- 
grangians. Therefore we explain that if M is an m-dimensional configuration manifold and 
L : TM — s> R is a regular Lagrangian function, then there is a unique vector field ^ on TM 
such that dynamics equations is determined by 

i^^L = dEL (1) 

where $l indicates the symplectic form. The triple {TM,^l,0 is named Lagrangian system 
on the tangent bundle TM . 

It is known, there are many studies about Lagrangian mechanics, formalisms, systems and 
equations such that real, complex, paracomplex and other analogues [H [2] and there in. So, 
it may be produced different analogues in different spaces. The goal of finding new dynamics 
equations is both a new expansion and contribution to science to explain physical events. 

Sir William Rowan Hamilton invented quaternions as an extension to the complex numbers. 
Hamilton's defining relation is most succinctly written as: 

= f = k^ = ijk = -1 (2) 

If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscu- 
rity. They do however still find use in the computation of rotations. A lot of physical laws in 
classical, relativistic, and quantum mechanics can be written pleasantly by means of quater- 
nions. Some physicists hope they will find deeper understanding of the universe by restating 
basic principles in terms of quaternion algebra. It is well-known that quaternions are useful 
for representing rotations in both quantum and classical mechanics [3J . Clifford manifolds are 
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also quaternion manifolds. One may say that the above properties yield for Clifford manifold. 
It is seen that Clifford manifold has also an important role in physical fields. For example, 
considering Riemannian manifold (M^", g) is the simplest example of Clifford Kahler manifold, 
author obtained Euler-Lagrange equations using a canonical local basis { Ji, J2, J3} of V on the 
standard Clifford Kahler manifold (R^", in [3]. 

In this study, Euler-Lagrange equations for Lagrangian systems on Clifford Kahler manifold 
have been introduced. 

2 Preliminaries 

In this paper, all mathematical objects and mappings are assumed to be smooth, i.e. infinitely 
different iable and Einstein convention of summarizing is adopted. J^iM), x{M) and A^{M) 
define the set of functions on M, the set of vector fields on M and the set of 1-forms on M, 
respectively. 

2.1 Clifford Kahler Manifolds 

Now, here we extend and rewrite the main concepts and structures given in [5], [6] . Let M be 
a real smooth manifold of dimension m. Assume that there is a 6-dimensional vector bundle V 
consisting of Fi{i = 1,2,..., 6) tensors of type (1,1) over M. Such a local basis {Fi, F2, Fq} is 
named a canonical local basis of the bundle y in a neighborhood U of M. Then V is said to be 
an almost Clifford structure in M. The pair (M, V) is called an almost Clifford manifold with 
V. Thus, an almost Clifford manifold M is of dimension m = 8n. If there exists on (M, V) a 
global basis {Fi, F2, Fq}, then {M,V) is said to be an almost Clifford manifold; the basis 
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{Fi, F2, Fq} is called a global basis for V. 

An almost Clifford connection on the almost Clifford manifold (M, V) is a linear connection 
V on M which preserves by parallel transport the vector bundle V. This means that if $ is 
a cross-section (local-global) of the bundle V, then Vx^ is also a cross-section (local-global, 
respectively) of V, X being an arbitrary vector field of M. 

If for any canonical basis {Ji}, i — 1,6 oi V in a, coordinate neighborhood U, the identities 

g{JiX,J,Y)=g{X,Y),yX,Yex{M), i = l,2,...,6, (3) 

hold, the triple (M , g, V) is said to be an almost Clifford Hermitian manifold or metric Clifford 
manifold denoting by V an almost Clifford structure V and by ^ a Riemannian metric and by 
{g, V) an almost Clifford metric structure. 

Since each Jj(i = 1, 2, 6) is almost Hermitian structure with respect to g, setting 

UX,Y)=giJ,X,Y), ^ = l,2,...,6, (4) 
for any vector fields X and Y, we see that are 6 local 2-forms. 

If the Levi-Civita connection V = on (M, g, V) preserves the vector bundle V by parallel 
transport, then (M, g, V) is named a Clifford Kahler manifold, and an almost Clifford structure 
$j of M is said to be a Clifford Kahler structure. Assume that let 

•[Xj, Xn-^i, X2n+ii •^in+ii Xi^n+ii -^bn+i-i XQn+i-i XTn+i\ 1, TT- 

be a real coordinate system on (M, V) . Then we determine by 

( d d d d d d d ^ \ 

\ dXi dXn+i dx2n+i dx^n+i dx4n+i dx^n+i dxQn+i dx-jn+i J 
{dXi, dXin,-\-ii dx2n+ii dx^n+ii C^'^4n+i) dx^n+ii dx^n+ii dX'jn+i^ 
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the natural bases over R of the tangent space T{M) and the cotangent space T*{M) of M, 



respectively. By structures { Ji}, i = 1, 6 the following expressions are calculated 

J ( a \ ^ d_ J C d \ ^ d J (_d_\ ^ d 

^^dXn+i' dXi '^^dXn+i-' dX4n+i dXn+i ■' dX5„+i 

d \ d T t 9 \ d T f 9 \ 9 



'^^^9x2„ + i '^ 9x4„+i '^'^^9x2n+i' 9xi '^'■i^ 9x2n+i ^ 9x(in+i 

"^1 ( (?a;3„+j ) ~ dX5n+i "^"^^dxsn+i^ ~ dxen+i "^^^dxsn+i^ ~ dXi 

J ( ^ ) = 9 J ( 9 \ ^ d J (_9_) ^ 9 

'^\9xen+i' 9xYn+i '^^9x6n+i^ 9x3n+i 9xen+i ^ 9x2n+i 

'^^^9x7n+i^ ~ 9xQn+i '^'^^ 9x-jn + i^ ~ 9x5n + i '^'^^ 9x-jn+i^ ~ 9x4„+i 

'^^ ( 9xi ) 9x4n+i "^^ ^ 9xi ) 9x5„+i ( 9xi ) 9x671+1 

'^'^ ^ 9Xn+i ^ 9x2n+i "^^ ^ 9Xn+i ^ 9x3n+i ^ 9x„+i ) 9x7„+i 

J ( ^ ) — ^ J ( ^ ) — Q J C 9 \ _ 9 

^'^9x2n+i' 9Xn+i 9x2„ + i ' 9x7n+i 9x2n+i ' 9x3„+i 

'^^^9x3n+i^ ~ 9x7n+i '^^^9x3n+i^ 9Xn+i "^^^ 9x3n+i^ ~ 9x2n+i 

J I 9 \ 9_ J / 9 \ _ 9 J / 9 \ _ 9 

'^^9x4„+i' 9xi ^^9x4n+i' 9x6n+i 9x4„+i ' 9x5„+i 

9 \ _ 9 T r 9 \ — 9 7(9 



9x5„+i ' 9xen+i ^ 9x5„+i ' 9xi " ^ 9x5n+i ' 9x4n+i 

J (_9_\ ^ 9 J / 9 \ ^ 9 J / 9 \ ^ 9_ 

'^^9xen+i' 9xsn+i 9x6n+i ' 9x4n+i ^^9xen+i' 9xi 

4 V 9x7n+i ) 9x3n+i ^ V 9x7n+i > 9x2„+i ^ ^ 9x7„+i > 9Xn+i 

3 Lagrangian Mechanics 

In this section, we introduce Euler-Lagrange equations for quantum and classical mechanics by 
means of a canonical local basis {Jj}, z = 1,6 of V on Chfford Kahler manifold {M,V). We 
say that the Euler-Lagrange equations using basis { Ji, J2, J3} of F on (R^", V) are introduced 
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in [1]. In this study, we obtain that they are the same as the equations obtained by operators 



Ji, J2, J3 of V on Chfford Kahler manifold (M, V). If we reexpress them, they are respectively: 
first: 

d_ f aL \ _|_ dL ^ Q d_ f dL \ _ aL ^ g d_ f dL \ , dL ^ g 

dt ydxi J ' dXn+i ' dt ydxn+i j dXi ' dt \dx2n+i ) dx4n+i ' 

d_ f dL \ _|_ dL ^ Q d_ f dL \ _ dL ^ Q d_ f dL \ _ dL ^ g 

dt ydx3„+i J fesri+i ' dt ydx4n + i J dx2n + i ' dt ydx5n + i J dx^ri + i ' 

d ( dL \ i dL _ a d f dL \ dL _ n 



+ 7^ = 



dt \ dXdn+i J dx7n + i ' dt \ dxrn + i J dXfin + i 

second: 

d f dL \ , dL ^ Q d_ / dL \ _ dL ^ Q d_ / dL \ dL ^ q 

1 a* \ a„ . 1 dxin+i ' dt \dx2n+i ) dxi ' 



dL 


= 0, 


^ 1 


[ dL 


dx2„+i 


dt ' 


\dxn+i 


dL 


= 0, 


^ 1 


( dL 


dxdn+i 


dt ' 





d_ I dL \ _|_ dL ={] d_ I dL \ _|_ dL = g A / dL \ _ dL ^ g 

dt \dx'in+i J dxdn+i ' dt ydxin + i J dXn + i ' dt \dx5n + i J dxrri + i ' 

d ( dL \ dL — n d_ f dL \ , dL _ r, 



dt ydXfyn+i ) dx3n+i ' dt ydx-jn+i ) dx^n+i 

third: 

d_ f dL \ _|_ dL ^ Q d_ f dL \ _ dL ^ Q d_ f dL \ _ dL ^ g 

dt ydxi J ' dx3„+i ' dt ydxn+i J dx^^+i ' dt \dx2n+i ) dxe„+i ' 

d ( dL \ dL _ n d f dL \ , dL _ a d f dL \ , dL _ n 



dt \dx3ri+i J dxi ' dt ydx4n+i J dx7n+i ' dt ydx^n+i J dXn+i 

d_ f dL \ _|_ dL ^ Q d_ f dL \ _ dL ^ g 

dt ydxgn+i J dx2„+i ' dt ydx-jn+i j dxin+i 

Here, only we derive Euler-Lagrange equations using operators J4, J5, Jq of V on Clifford 
Kahler manifold (M, y). 

Fourth, let J4 take a local basis component on Clifford Kahler manifold (M, y), and 



{xi, Xn+i, X2n+i, x^n+i, x^n+i, x^n+i, Xdn+i, X7n+i} , i = 1, n bc its Coordinate functions. Let semis- 
pray be the vector field f defined by 



^ dxi dx„+i dx2„+i dx3ri+i 

i d I v5n+i d i vGn+i d i vjn+i d 



(5) 



I j^An+i d _j_ \^5n+i d i jj^Qn+i d i j^7n+i 



dXi^n+i dx5n+i dxQn+i dx-jn + i ' 



where 



v\ — X4„_|_j,v\ — X^n+'h ^ — XQn+i^ ^ — Xfn+i 
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and the dot indicates the derivative with respect to time t. The vector fields determined by 
Vj. = J4(0 = + ^3"+^^-^ 

dX4n+i dX2n+i OXn+i dX7n+i /„n 

(6) 

j^4n+i _d_ I \^5n+i d -^^Gn+i d i j^7n+i ^_d__ 

dXi ' dX6n+i dX5n+i dX3„+i ' 

is named Liouville vector field on Chfford Kahler manifold (M, F). The maps explained by 
T, P : M ^ R such that 



T' /'•2|-2 ,2 I • 2 -2 _|_2 N p_ J, 



are said to be the kinetic energy and the potential energy of the system, respectively. Here 
TTij, g and h stand for mass of a mechanical system having m particles, the gravity acceleration 
and distance to the origin of a mechanical system on Clifford Kahler manifold (M, V), respec- 
tively. Then L : M — > is a map that satisfies the conditions; i) L = T — P is a Lagrangian 
function, ii) the function given by -E^* = yj4(L) — L, is energy function. 

The operator ij^ induced by J4 and defined by 

r 

ij^Lo{Xi,X2, ...,Xr) — J^Xi, ...,Xr), (7) 

1=1 

is called vertical derivation, where u; e A'^M, Xi e x{^)- The vertical differentiation dj^ is 
determined by 

= [ij4, d] = ij^d - dij^ (8) 

where d is the usual exterior derivation. We saw that the closed Chfford Kahler form is the 
closed 2-form given by — —ddj^L such that 

d d d d 

dj^ = 7^ dXi — — dXn+i + dX2n+i ~ dx^^+i 

OX4n+i OX2n+i ClXn+i OX-jn+i 

OXi UXQn+i OX^n+i (^^Sn+i 



determined by operator 

d,^ : ^(M) ^ A'M. (9) 

Then 

^ ~ dx^dxAr,+i ^ dxj^dx^2n+i ^ ^Xn+i " Q^jQ^^dXj A dx2n+i 

dxfdx7n+i '^^i ^ dXsn+i + Qxjdxi^^i ^ d^in+i — dxfdx6n+i ^ dx^n+i 

^~ -flTr ~dxj A dxQji+i 'Wr~^^ ~dxj A dx^^j^i ^- o —dx^^j A 

+ dx„+jdx2n+i ^ dXn+i - dx^^jdxn+i^^'^+i ^ dx2n+i + 9x„+jdx7n+i^^'^+^ ^ dXsn+i 

dxl+^jdxi'^^^+3 ^ dX4n+i - dx„+jdxen+i^^"-+^ ^ dx^n+i + ax„fjdx5n+i ^ dx^n+i 

~ dxn+jdx7n+i^^''+^ ^ ~ dx2r,ljdxir,+i'^^'^'^+3 ^ + eo^zn-fj ^Ca^+i ^^^n+j A dXn+i 

~9x2„tLn+z^^2n+j A ciX2„+i + a^2„f^.i^„_^,C^2;2„+j A (iX3„+i + Qxf^^^.dxidX2n+j A dX4„+i 
~ax2„+,i6n+i^^2n+i A dX5n+i + dx2„fJx,^+,dX2n+j A (iX6„+^ - ax2„+,dxr„+i^^^^+^ ^ '^^^n+i 
~9x3„f,ax4n+i^^3n+j A dXi + 9^3„f.^,2n+i^^3n+j A t/x^+i - a^3„^.9^„^.C?2:3„+j A c/X2n+i 
+ dx3n+jdx7n+i d^Sn+j A rf^Sn+j + Qxzn+jdxi d^Sn+j A (ia;4„+i - Qxz„+jdxQn+i ^^3'»+i ''^ ^^5n+i 
+ 9a;3„+, fe5„+,^^3n+j A rfXgn+i - d^^^^^-E^dx^n+j A c/Xy^+i - 9^^;;^^^^ C^2;4n+ j A dXi 
+ aa;4n+^92:2n+i ^^4n+j A dx^+j - Qx^^^^Qx^_^^ dX4n+j A (iX2„+i + . <^a:4„+j A (iX3„+i 

dxl+jdx.dX'in+j A (iX4n+i - aa:4„fjaa:6„+i '^^^n+j A dx^n+i + aa;4n+ j &;5n+i '^^^''+-? ^ dXQn+i 
~9a;4„-fj&;3„+i'^^4n+j A (iX7„+i - -Q^^:;^-§^^.dx^n+j A + -Q^^:;^^^^.dx^n+j A 

~ axsn+jLn+i '^^sn+i A o?X2n+i + sj^;;^^:^ <^^5n+i A (ia;3„+j + q^^^^.q^. dx^n+j A (ia;4„+i 

~9x5nf,ac6„+i^^5"+J ^ ^^5n+i + dx.,Jljdx,,^+dXbn+j A C?X6„+i - Q^^^^^-§^^dXr,n+j A C^Xyn+j 

+ dx&n+jdx7n+i ^^6n+i A rfa;3„+j + Qx&n+jdxi d^en+j A (ia;4n+i - ■^^^:;^-§^^^dx&n+j A (ia;5„+j 

+ aa;6nrj9cC5n+i^^6n+j A (iX6„+i - dx&r,ljaX7r,+i'^^^'^+j ^ dX-Jn+i - dX7r,ljdXir,+ i^^'^'^+j ^ 

+ Sa:7„+,ac2n+i'^^^"+j' '^^"+^ ~ dx7n+jdxr,+i^^'^'^+j ^ ^^2n+i + aa;7„+jac7n+i^^^"+-'' ^ '^^3n+i 
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Let be the second order differential equation by determined Eq. ([T]) and given by 
and 

= -X \ dUxi + X \ dx. + X \ 5idxn+i - X^+ \ dx, 

? dXjda:4„+i « ' dxjdx^n+i dxjdx2„+i * "t^* dxjdx2„+i J 

-^^"q — ^3 dX2n4-7 ~\~ — c/x^' "l" X^ T{ — ^ si dX'\ri~\-') — X^^~^^ T{ — ^ dXi 

dxjdxn+i * dxjdx„+i J dxjdxTn+i * ^ ^ dxjdx-jri+i J 

+^*af,ac/i'^^4n+i - X^^'^'g^-^^dXj - X*^^-|^^5/c?X5„+i + dx^dxe„+, ^Xj 

I -i^^ 7^ ■ CliX (^-ri _l_7' -^^^ ' "o dX n -1^^^ ' "7^ 7^ (5^ ■ "Inn -S-n I ' 77 dX t 

^Y^t+i d^L S"'~^^-dx I ^^-^ dx I ^Y'^+^ ^^-^ 5^~^^dx ■ 

dXn+jdXin + i * dx„+jdx4,„+i dXn+jdx2„ + i TL+i n+i 

j^n+i d^L _ ^Y"+^ S"'^^-dx-j ■ + x^""^^ '^^^ do: 

dx„+jdx2n+i dx„+jdx„+i n+i 2n+i ~r dx„+jdx„+i 

I yn+i d^L A"+-^V7t- — Y3n+i d^L ^ , yn+i d^L X^+j j 

^Y^ra+i d^L _ Y^n+i d^L S^^'^- dx ' + X^""*"* ^— ^-^^^(ix 

dxn+jdxi dx„+jdx6„+i ^"+* dx„+jda:6„+i 

dx^+.dxsn+.^n+i^-^en+r -V dx„+,dx5„+,"-^"+J ^ dx„+,dx7„+, ""^^n+i 

"'"^ dxn+jdxTn+id-^'^+i ^ dx2„+jdx4„+i '^2n+j^''^« "I" ^ da;2n+jfe4n+i 

ax2„+jdx2„+.'^2n+i"'-^n+i ^ dx2„+,dx2„+."-^2n+j dx2„+,dx„+, "2n+i "-^2™+* 

I y2n+» d^L ^ , y2n+i d^L r2ra+j i _ ySn+i d^L j 

"^^ dx2„+,dx„+i "-^Sn+j i- dx2„+,dx7„+,"2n+i"-^3n+i dx2„+,-dx7„+, "'^2r^+i 

, -y2n+j_d^^_ r2n+j , _ y4n+i d^L _ y2n+t d^L X^^+J^^ 

"^^ dx2„+,da;i^2n+i«-t4n+i dx2„+,-da;i "-^Sn+j dx2„+, dx6„+, ^2n+i "-^Sn+i 

I ySn+i d^L j , y2n+i d^L c2n+j , _ y6n+i d^L j 

dx2„+,dx6„+,"-^2n+j -^-^ dx2„+, dx5„+,"2n+i"-^6n+i dx2„+,dx5„+, "'^2n+i 

~^^"'^* fe^;:^fe:77'^2ni''^^3;7„+i + X'^'''+' ax2„f,dx7„+, C?a;2n+i - dx3„f,dx4n+« '^3n^i f^^^i 

I <9^J^ I y3n+t d^L x3n+j j _ yn+i d^L j 

"^^ dx3„+, dx4„+,"'^3n+j dx3„+,da^2n+i 3n+i"-^n+i ^ dx3„+,dx2„+, "-^Sn+j 

dx3„+,dx„+,Wi«^2n+i + A a^3„+^.a^„+^aa;3„+i + A dx3„+,dx7„+,^3n+i«2:3n+i 

■y3ra+i d^L I y3ra+t d^L \3ra+j^^ _ y4n+i_dfZ^j„ 

^ dx3„+, dx7„+i"^3n+i +^ dx3„+idx,^3n+i«^4n+i . aX3„+ j 

Y3n+i d^L r3n+j 7 , ySn+i d^L j , y3n+i d^L r3n+j , 

^ dx3„+,dx6„+i "3n+i "-^Sn+i ^ dx3„+, dx6„+, "•^3n+i dx3„+,dx5„+. "3n+i ""^6n+ 
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"^""^^ aa;4n+jaa;2n+i ^^4n+i - dxinl^dxr,+i ^An+i^^'^n+i + X^"'+'' Q^^Jl^Q^^^. dX4n+j 

^ 9x4„+jSa;i"'^4n+j ^ Sa;4n+,- 9a;6„+i "4n+i "-^ 5n+i 9x4„+j Sa;6n+i ^"+-? 

9a;4„+iaa;5n+i 4n+i"-^6n+i ^ 9a;4„+iax5„+i "-^^nH-:, dx^n+jdx.^.+i^^n+i^'^yn+i 

+X^"+* 9x5„+,L„+i ^^5n+j + -^^""^^ axB„f,-9x7„+i <^5n+i <^^3n+i " axgn-f,' 9^7n+i ^^5"+J 

dx5n+jdxi'^5n+i^-^'in+i ^ 9x5„+,-9a;i ""^Sn+j ^ dxsn+jdxen+i^n+i^^-^^n+i 

^ 9x5„+,aa;3„+<'^5n+i"-^'7n+i ^ aa;B„+,-9x3„+i ""^Sn+j ^ dxQr,+jdxir,+iGn+i^-^i 
"^"^ aa;6n+jaa:4n+i"'^6n+i aa:6n+,9x2„+, "6n+i ""^n+i a:Ee„+, 9x-2„+, "-^Gn+i 

9x6„+,aa;7n+i"'^6n+i ax6„+,axi ''6n+i "•^4n+i ^ dxen+jdxi^-^^^^+i 

^ 9x6„+,fe6„+i "6n+i "-i-Sn+i fe6„+, az6„+, "-^Sn+j ax6„+iax5„+. "6n+j ""^Gn+i 

aX7„r,i4n+i '^^nS '^^i + ^'fe7„f,&4n+.^^'^"+j' ^ ^'^"'^^ &7n+j&2„+. ^^7n+i ^^n+i 

^ dxr„+jdx,"'-^7^+j ^ dx-rr.+jdxe,„+^'^7n+i^-^5n+i^ ^ dxr„+,dxe„+i'^'^+j 
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Since the closed Clifford Kahler form on (M, V) is the symplectic structure, it holds 
^ VjAL) -L = + - 

^ •^4V / dX4„+i aX2„+i OXn+i OXjn+i 

j^An+i dL_ , -^bn+i _dL_ -\^%n+i dL i j^ln+i _dL_ 

dxi dxQ„+i dx5„+i ' dx3„+i 

and thus 

aa;jaa;4„_|_j J aXjOX2n+i ■' oxjOXn+i ■> 

aXjOX'Yn+i J OXjOXi J aXjOXQn+i ■' 

c/a;jC7a;5T^-l-j J uXjUXZn+i ^Xn-^-jUX^n+i 
yn+i 8^1/ ^„ _i_ y2n+i 8^-1/ y3ra+2 j 

dXn+jdXi '"■+0 ~ dXn+jdxen+i ""'"^ dxn+jdx^n+i 

9a;„+j9a;3n+i "^^^ dx2n+idxin+i ^"^^^ oa;2n+jOa;2n+i ^"^^-^ 

I v2n-\-i d'^L yZn+i d'^L vAn+i d'^L 

^X2n-\-jOXn-\-i OX2n+j<^-^7n+z ^ <JX2n+jf^Xi '-J 

I d'^L _ ji^n+i d'^L i ji^2n+i d'^L 

dx3n+jdx4n+i ^'^"'"■^ dx3„+jdx2„+i ^n+j 92:3„+j92;„+i 3n+i 

dxAn+jdxi 4n+j "T 8a;4„+j3a;6n+i 4n+j 8a;4„+j9a;5„+i 4n+j 

I y7n+i d^L i , yi 8^-L j _ yn+i ff^L j 

+^2"+* 8a;5„+,-8x„+i '^^5n+j " Sxgnf j ^CTn+i '^^5n+j " -^^""^^ dxL+jdxi ^^^n+j 

dx5„+jdxe„+i 5"+-? dx5n+jdx5n+i 8a;6„+j8a;3„+i ^n+j 

8a::6„+j8x4„+i 6n+j 8a::6„+j8a::2„+i 6n+j 8a:6„+j82:„+i 6n+j 

y3n+i j _ yAn+i d'^L j , y5n+i ^„ 

-y^Qn+i d'^L i Y^7n+t d'^L 1 ^^-^ 

dx6„+jdx5n+i 8a;6n+j8a:3„+i 6n+i dxrn+jdx4n+i ^"^-^ 
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I y7n+» a^L ^ _ dl^j _ dL j _ dL i 

— —9L_Jrr _ _9L_j _ dL J _ dL j _ _9L_j 

By means of Eq. ([1]), we calculate the following expressions 

+^"^'ax„+%x2„+, '^n^i - a^,^^^ (^"^i rfa^2n+i + dxj/x^,,+, KXl'^^^n+i 

^x,,+i^x■rr.+^"n+i^^^^n+^ ^ ax2„+,ax4„+. "2n+i "-^^ ax2„+,ax2„+. "2n+i 

V2ri.+i a^L \2n+j^^ i v2n+i d^L X^w+j^^ y2n+)i Q^L X^^+J^^ 

^ ax2„+,ax6„+,^2n+i"a;5„+i + ^ ax2„+,ax5„+,^2n+i«a;6n+» ax2„+i9x7„+,^2n+i«^7n4 

dx3„+jdx4„+,'^3n+i""^t^ ax3„+,ax2„+,'^3n+i«-J^n+r ax3„+,ax„+i ^3n+i "■^2n+j 

+^^"^*&;;:Jfc;7^3n+i ^3;3„+i + X^''+' dxL+^dxi ^^Vi dXin+i " ax3„f,ax6„+, '^Sn+i ^3;5„+i 

I y3n+» a^L x3rt+j^^ _ y3n+t d'^L X^ra+j 7 _ yjn+i dL X^n+j 1 

'^^ ax3„+,ax5„+. "3n+i "-^en+i ax3„+, ax7„+,"3n+i"'^7n+i ^ ax4„+,ax4„+i "4n+i "-^i 

ax4„+,ax,^4n+i«-t4n+» ax4„+,ax6„+, ^4n+i "-^-Sn+i + ax4„+,ax5„+, ^4n+i "-f- 

Y4n+i d^L . ■— VSn+i d^L K^'^+Kl^ 1 ySn+i a^L K^'^+i rl-r 

^ ax4„+,ax3„+,"4n+i"-^7n+» ^ ax5„+iax4„+i "Sn+i "-^^ ax5„+,ax2„+."5n+i"-^i 

_j^5n+* g^^^^ J^^^^ ^gj^+i rfX2„+i + X^^+' ax,^+,ax7„+, ^llXi^^^in+i + ^^''^^ dxL+,dx, "^Sn^i ^^2:4, 

V5n+i a^L x5"+i^^ 1 y5n+» a^L \^5n+t a^L X^n+j 

^ ax5„+,ax6„+i^5n+i"3;5„+i + ^ ax5„+,ax5„+i^5n+i«3;6n+i ^ ax5„+,ax3„+iWi"^7n. 

y6n+i a^L \6n+i^^ , v6n+i a^L x6n+j _ ^Qn+i d^L 

ax6„+,ax4„+i "^Sn+i "-^i + ^ ax6„+,ax2„+i ''en+i «-J^n+i ax6„+iax„+,^6n+i«'^2n+i 

I v6n+i d^L 1 y6n+» a^L \6n+j^^ y6n+» a^L x6"+i^^ 

+^ ax6„+,ax7„+,^6n+i«a;3n+i + A ax6„+,axi^6n+i «a;4„+i a ax6„+,ax6„+,^6n+i"3;5n+i 



in+i 
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I v6n+i d'^L X^n+j _ yGn+i d^L _ v7n+i d'^L x'^n+j 

+^ 9xr„+,•Sx2„+i^7n+^«2:„+^ A 9^,„+ ('vn+i aa:2n+z + A axm+jOxm+i'^rn+i^^^Sn+t 

_ j^7n+i g^^^^^ . 5jJ^jdXYn+i + §^dXj + g^^dXn+j + -g^^dX2„+j + gf^^^. dx^n+j 

+ a^f^^^4n+i + dx^+j d'X5n+j + dxet+j ^^6n+i + dxy^+j ^^^n+j = 0. 

If a curve determined by o; : R ^ M is taken to be an integral curve of ^, then we found 
equation as follows: 

c)XjdX4„+i J OXn+jO^in+i ■' OX2n+jOXiri+i ■' 

ySn+i d'^L j Y4n+i dL j y5w+i d'^L i 

aX3„+jOX4„+i J aX4n+jOX4n+i J OXSri+jOX4n+i J 

dX6n+jdX4n+i ■' dX7n+jdX4n+i ■' dXjdX2n+i "'^J 

I vn+i d'^L J I Y2n+i d'^L j , y3n+i 8^1/ 

dXn+jdX2n+i dX2„+jdX2n+i "'^J dX3n+jdX2n+i 

9a;4„+j9x2n+i (?a;6„+j9a;2„+i "■+■? dx6n+jdx2n+i "^-^ 

~ B-rn , fln-n , . rtr riT , . ""''2n+7 fl^, , ^7, , . "'•^2n+7 

-X2"+' 9x2„+,L„+i ^^2n+j - ax3„t J^n+i ^^2n+j " -^^""^^ dx4nt!9xn+i d'X2n+j 

dX3n+j9x7n+i"'-^3n+0 ^ ^ dX4„+jdX7r,+i^^+J ^ ^ dX5n+jdX7n+i^'^+3 

Q^^^^g^. dX4n+j + -^^""^^ dx2n+3dxi dXin+j + dxL+jdxi ^^^^n+j 

+^ 9x4„+,ecci"^4n+j + A gx,^^.gx^aX4n+j + A e^3„+ . 9^, "2;4n+j 

dxrn+jdxi '^''-t-J dxjdxe„+i '^"■^J dxn+jOXQn+i ■^"-^J 

Y2n+i d'^L j _ ySn+i d^L j _ yAn+i d'^L j 

^ dX2r.+jdX6u+i^'^-^^ ^ aX3n+jdX6n+i^''+^ ^ aX4„+jdxen+i^''+^ 

dxs„+jdxen+i dx6„+jdxen+i dx7„+jdxen+i ^"^^ 
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"'"^ dXjdX5n+i ^"^^n+J + dXn+jdx^n+i ^"^Sn+j + ^ dX2n+jdX5n+i ^"^Sn+j 

dX3n+jdX5n+i dX4n+jdX5n+i ^"^-^ dX5n+jdX5n+i ^"■+-' 

"'"^ 9a:6ri+j9a;5„+i '^■^6n+j + ^ dxrn+jdx5„+i^'^^'"'~^^ ^ dxjdx-^„+i'^'^'^^+j 
+ a^^'^^4n+j + 9^^dX5n+j + a^^dx&n+j + Q^^.dx^n+j 



or 



L dXjdXin+i dXn+jdX4n+i dX2n+jdX4n+i dX3n+jdX4n+i dX4„+jdX4„+i 

+X^n+id^ + X<^^+i^—^ + X''^+^^-^ ]dx. + ^dx. 

dxe,n+jOX4n+i dX6n+jOX4n+i OX7„+jdX4n+i' •' OXj J 

I- dXjdX2n+i dXn+jdX2n+i dX2n+jdX2n+i dxsn+j dX2n+i dX4ri+jdX2n+i 

dX2n+i dX6n+jdX2„+i dxrn+jdX2„+i' dx„+j "+•5 

LY^ i9^i^ I j^n+i d^L , ■^2n+i d'^L , j^Sn+i d'^L , j^in+i dL 

dx„+i dx2n+jdx„+i dx3„+j dXn+i 

+X^n+id^ + X^^+i^^ ^ X7n+id^ ^dx^ + 91^^ 

dX5n+jOXn+i dxen+jOXn+i dxr„+jdx„+ii ^"-rj 9X271+^ ^"-^J 

I LY^ + _,Y"+^ |- J^2n+i^ |_ ji^3n+i d'^L |_ jj^An+i dL 

I- dXjdxyn+i dXn+jdX7n+i dX2n+jdxyn+i dX3„+jdxyn+i dX4„+jdxr„+i 

I ji^5n+i d'^L i_ ji^6n+i d^L i jj^Tn+i d'^L i dL 

dx5„+jdxr„+i dx6„+jdx7„+i dxr„+jdx7n+i' 3n+j dx3„+j 3n+j 

I LY' + X^~^^ + J^2n+i^_9^i^_ _j_ ji^3n+i d^L _, jj^^n+i d'^L 

L dXjdXi dXn+jdXi dX2n+jdXi dX3„+jdXi dX4n+jdXi 

dx5„+jdxi ' dx3„+jdxi dx-jn+jdxi^ '^n+j dx4„+j '^n+j 
_\X^—^^^— -\- jY"+^ I- J^2n+i^ I j^3n+i d'^L , j^in+i d'^L 

I- dXjdxe„+i dXn+jdXQn+i dX2n+jdxe„+i dX3„+jdxen+i dX4„+jdX6n+i 

_j_^5n+i^ h ^ySn+i <)- L i_ ji^7n+i i)' L \dx ■ + —^^^^dx 

' dx5n+jdx6n+i dx6„+jdxe„+i dxr„+jdxen+i' 5n+j ~r gxg^_^_j 5n+j 

L dxjdxrjn+i dx„+jdxr,„+i dx2n+jdxr,„+i dx3„+jdx5„+i dx4n+jdx5n+i 
9^-^ I ^Y"+^ 9'^^ L J^2n+j^ I j^3n+i d'^L , jt^An+i d'^L 

L dXjdX3n+i dx„+jdX7n+i dX2n+jdX7n+i dX3n+jdxrn+i dX4n+jdX3n+i 
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dx5„+jdx3„+i dxe„+jdx-rn+i dxr„+jdx3n+ii ^n+j dxm+j 

Then we find the equations 



dt ydxi j (9a::4„+i ' dt ydx^+i j dx2n+i ' dt ydx2n+i J dxn+i ' 

d_ ( dL \ _ dL ^ Q d_ f dL \ _ aL ^ g d_ f dL \ , dL ^ g (IQ) 

dt \dx3„+i J dxjn+i ' dt ydx4,n+i ) dxi ' dt ydx^^+i ) dx6„+i ' 



9t ySoien + i y dx^n + i ' 9t yfe7n + i / dx3„ + i 

such that the equations expressed in Eq. (ITO!) are named Euler- Lagrange equations struc- 
tured on Clifford Kahler manifold (M, V) by means of and in the case, the triple (M, 
is said to be a mechanical system on Clifford Kahler manifold (M, V) . 

Fifth, we obtain Euler-Lagrange equations for quantum and classical mechanics by means 
of on Clifford Kahler manifold (M, V"). 

Let J5 be another local basis component on the Clifford Kahler manifold (M, V). Let ^ take 
as in Eq. ([5]). In the case, the vector field defined by 



OX5„ + i dX3n + i dX7n+i OXn + i ^^^^ 

d v5n+i d v6n+i d < v7n+i d 



I \^An+i d -\^5n+i d ji^6n+i d i j^7n+i 



dxfin^i dxi dx4„,+i dx2„+i ' 

is Liouville vector field on Clifford Kahler manifold {M,V). The function given by E^j" = 
Vjg(L) — L is energy function. Then the operator ij^ induced by J5 and defined by 

r 

^j5u;(Xi,X2,...,X,) = 5^a;(Xi,...,J5X,,...,X,) (12) 

i=l 

is vertical derivation, where u G A^M, Xi G x(M). The vertical differentiation dj^ is determined 

by 

djs = [hs,d] = ij^d - dij^. (13) 
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Taking into consideration J5, the closed Clifford Kahler form is the closed 2-form given by 
= —ddj^L such that 

"jg — 7^ dXi — — dXn+i — -7: dX2n+i + 7^ dx^n+i (,14j 

OX^ji^i OX^n+i (J^ln+i Ct^n+i 

9 d ^ rl ^ rl 

OXQn+i OXi OX/^n+i C>X2n+i 

and given by operator 

dj, : J^(M) ^ A^M. (15) 
The closed Clifford Kahler form on M is the symplectic structure. So it yields 



Ei' = v:;^(L)-L = X*-^-X"+^-^-X2"+*-^ + X3"+*-^ (16) 

<yX5n+i (y^Sn+i U^ln+i (J^n+i 

dXQn+i dXi dXin+i dX2n+i 

Using Eq. ([T]), using (jS]), ([HD and fll6p . also by means of the above fourth part we obtain 
the equations 

d_ ( aL \ _|_ dL ^ Q d_ f dL \ _ dL ^ Q d_ ( dL \ _ dL ^ g 



d / dL 



+ =Q d_( dL \ , dL =Q d_( dL \ _ dL =Q (17) 

dx^ I ^ ^ dt, \ dxA^ I / dxa^ , A '' dt. \ dxr^^ i . / dx^ ' 



dt \dx3ri+i J dxn+i ' dt ydx4„+i J dx6n+i ' dt ydx5„+i J dxi 

d ( dL \ dL — (\ d_ ( dL \ dL _ 



flt yi9x6„ + i y dXiri + i ' (5t \^9z7„ + i y dx2n + i 

Thus the equations found in Eq. f|T7j) are named Euler- Lagrange equations structured by means 
of on Clifford Kahler manifold (M, y) and so, the triple (M, (^) is called a mechanical 
system on Clifford Kahler manifold (M, y). 

Sixth, we present Euler-Lagrange equations for quantum and classical mechanics by means 
of ^■[^ on Chfford Kahler manifold (M, V). 
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Let Je be a local basis on Clifford Kahler manifold (M, V).Let semispray ^ give as in Eq.dS]). 
So, Liouville vector field on Clifford Kahler manifold (M, V) is the vector field defined by 



"^b UV^/ OTk„j_, OX7„^i OX-i„Mi 



a 



I ji^4n+i d ji^5n+i d ^6n+i _d_ i \^7n+i d 

dx5„+i dx4„+i dxi dx„+i ' 

The function given by E'['^ = Vjg(L) — L is energy function and found by 

JTjJe Ji^i dL j^n+i dL j^2n+i _dL_ _, \^3n+i dL 

L dXfiri + i dxiri+i dX'in+i dx2„+i 

\^An+i_dL_ ^bn+i dL j^6n+i dL_ i j^Jn+i dL 

' dxs„ + i dXin+i dxi ' dXn+i 



(1^ 



(19) 



The function ij^ induced by Jg and given by 

r 

ij,u{XuX2, Xr) = J]a;(Xi, .., J^X^ .., X,), (20) 

1=1 

is said to be vertical derivation, where uj E A^M, Xi G x(M). The vertical differentiation dj^ 
is determined by 

c/jg = [zjg, d] = ij^d - dij^, (21) 
We say the closed Kahler form is the closed 2-form given by = —ddj^ L such that 



'o dXi — dXn+i 7^ d,X2n+i ~l~ "7^ dx^n+i 

OXQn+i OXjn+i C/X^n+i ^X2n+i 

d d d d 

~l~7^ dXi^n+i 7^ dx^n+i dXQn+i ~l~ 7^ dXYn+i 

(^■^5n+i OX^Yi+i OX^ OX^^i 

and 

d^^ : HM) - A^M (22) 
Considering Eq. ([T]), similar to the above first and second cases , we calculate the following 
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equations 

d_ f aL ^ _|_ dL ^ Q d_ f dL \ _ dL ^ Q d_ ( dL \ _ dL ^ g 

dt ydxi J dx6„+i ' dt ydx„+i J dxrn+i ' dt ydx2„+i J dx:i„+i ' 

d_ ( dL \ , dL =Q d_( dL \ , dL =Q d_( dL \ _ dL ^ g (23) 

dt ydxsn+i ) dx2n+i ' dt ydx4,n+i j dx5„+i ' dt ydxsn+i J dx4„+i ' 

d_ ( dL \ _ ^ g d_ ( dL \ , dL ^ g 

dt ydX(,n+i J dXi ' dt ydx7n+i ) dXn+i ' 

Thus the equations obtained in Eq. (!23|) infer Euler- Lagrange equations structured by means 
of on Chfford Kahler manifold (M, V) and so, the triple (M, ^j^, ^) is called a mechanical 
system on Clifford Kahler manifold {M,V). 



4 Conclusion 

From above, Lagrangian formalisms has intrinsically been described taking into account a 
canonical local basis {Ji}, z = 1, 6 of y on Clifford Kahler manifold (M, V). 

The paths of semispray ^ on Clifford Kahler manifold are the solutions Euler-Lagrange 
equations raised in ffTOj) . f|T7|) and fl23|) . and also obtained by a canonical local basis {Ji}, 
i = 1, 6 of vector bundle V on Clifford Kahler manifold (M, V). One may be shown that these 
equations are very important to explain the rotational spatial mechanics problems. 
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